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Abstract 

, In a previous article the author extended the Witten deformation to singular spaces 

^H ' with cone- like singularities and to a class of Morse functions called admissible Morse func- 

(-H , tions. The method applies in particular to complex cones and stratified Morse functions 

in the sense of the theory developed by Goresky and MacPherson. It is well-known from 

stratified Morse theory that the singular points of the complex cone contribute to the 

stratified Morse inequalities in middle degree only. In this article an analytic proof of this 

fact is given. 

T-H ■ 

> 

^ ! 1 Introduction 

en 



For singular spaces the usual singular homology looses the nice properties which hold for 
manifolds. In [6] Goresky and MacPherson introduced a new homology theory for a singular 

(3 ■ space X, the so-called intersection homology IH^{X), which has all the nice properties one is 

used to have for singular homology on manifolds. In particular in [7] Goresky and MacPherson 
developed a stratified version of Morse theory on singular spaces. 
Let us shortly recall one of the main results in [7], namely the stratified Morse inequalities. 

^ ■ We restrict hereby to the situation where X is a compact, complex algebraic (or analytic) 

variety of dimension dimX = 2z^ with isolated singularities, since this is the case treated 
further in this article. Let us denote by Sing(X) the singular set of X and let / : X ^ M be 
a stratified Morse function on X. By definition of a stratified Morse function the restriction 
/ tx\Sing(x) is a smooth Morse function and we denote by Cj(/ ["x\Sing(x)) the number of 
critical points of / rx\Sing(x) of index i. Let us denote by Ihi{X) the Betti numbers for the 
intersection homology of X with middle perversity and by 

IPx{x):=Y,Ih{X)x' (1.1) 

i=0 

the Poincare polynomial for the intersection homology of X. The stratified Morse inequalities 
in Part II of [7], specialised to the situation here read as follows 

Theorem 1.1. (^, Section 6.12) There exists a polynomial Q{x) € Z[x] with non negative 
coefficients such that 

2v 

Y,Ci{f)x' = IPx{x) + {l + x)Q{x), (1.2) 

i=0 



2u 



where > Ci{f)x^ is the Morse polynomial with coefficients 

i=0 

cif) ■= / ^^(A^\Si°gW)' ' ^ ^' (1 3) 

'^ ^ ' \ C^{f\X\SingiX)) + J2peSmgiX)^P^ ^ = V- 

Hereby the contribution nip of a singular point p S Sing(X) to the Morse inequalities is 
explicited below. It is concentrated in middle degree and is independent of the chosen stratified 
Morse function. 

Let us explain the contribution mp in (|1.3|) in more detail: Let B^{p) be the closed e- 
ball around p € Sing(X). The neighbourhood B^[p) is homeomorphic to conero,i](ip) : = 
([0, 1] X Lp)/({0} X Lp), where Lp is a smooth manifold of dimension 2z^ — 1 called the link of 
the singularity. Let us choose < 5 << e. Since p is an isolated singular point of X the local 
Morse data of / at p reduce in this case to the normal local Morse data. They are defined as 
the pair of spaces 

(Mp,/;) := (BMr^ f-\[f{p) - 5, f{p) + 8]),B,{p)V^ f-\f{p) - 5)). (L4) 

The pair (Mp, /r) is independent of the choice of 5 and e, if 5 and e are chosen small enough 
and such that < 5 << e. The set /J is called the lower halflink of / at p. It is not difficult 
to see that the pair {Mp,lp) is homeomorphic to the pair {B^{p),lp) ~ (cone[o,i](ip), Zp*)- 
In the complex case the space of non degenerate covectors is connected (see [7] , Proposition 
1.1.8) and therefore the homeomorphism type of the Morse data near a singular point of X 
is independent of the Morse function. For the relative intersection homology with middle 
perversities of the pair (Mpjp) one has (see [7]) 

IHi{Mp,l~) = Qioii^u. (L5) 

Moreover mp in (|1.3p is given by 

nip := d\ra.IHy{Mp,lp) = dim///jy(cone(Lp),/j7)) (1-6) 

cone(Lp) := ([0, oo) x Lp)/({0} x Lp). As explained in [7] one can associate to this situation 
a Milnor fibration whose fiber is a Stein space. The contribution rrip can also be expressed in 
terms of the variation map for this fibration. The result (jl.Sp is related to vanishing results 
for the homology of a Stein space (see [7j, Part II, Chapter 6 for more details). 

In [12] Morse theory on singular spaces has been approached using the analytic method of 
the Witten deformation. The class of spaces considered in [12] are conformally conic Rieman- 
nian manifolds in the sense defined in [3] . Those are a generalisation of spaces with cone-like 
singularities. Their intersection cohomology has an analytic expression in terms of the co- 
homology of the complex of L^-forms. The Witten deformation (proposed in |14] . rigorously 
proven in jlOj for the smooth situation) generalised to a conformally conic Riemannian mani- 
fold X consists in deforming the complex of L^-forms using a certain class of functions, which 
were called admissible Morse functions in [12]. One gets again Morse inequalities, this time 
relating the L^-Poincare polynomial to the number of critical points of the Morse function. 



Again the singular points of X contribute to this Morse inequahties by dim///'(cone(Lp), /" ) 
in degree i. However, in the analytic proof of the Morse inequalities in [12j . the contribution 
of the singularities to the Morse inequalities are computed in terms of the model Witten 
Laplacian AJ*' 

ker aP ~ IH\cone{Lp),l-). (1.7) 



Note that in the general situation treated in [12] the contribution of the singularity to the 
Morse inequalities is not necessarily concentrated in middle degree only and in general de- 
pends on the Morse function. However if X is a complex cone and / : X — )■ M is a stratified 
Morse function, then / is also admissible in the sense of |12j (see Proposition 12. ip and com- 
paring the results in |12j and Theorem 11.11 one gets that 

Theorem 1.2. Let X be a complex cone and f : X ^>-M. a stratified Morse function, then 
ker aP ~ IH\cone{Lp),l-) = 0, for i / i/. (1.8) 

The goal of this paper is to give an analytic proof of Theorem 11.21 We use the results in 
|12j . the Lefschetz Theorem for conformally conic Kahler manifolds (see [3]) together with a 
trick inspired from "Gromov's trick" in [S] (Theorem 1.4. A). 

Let us mention that the Witten deformation of a singular complex curve, which is a par- 
ticular example of a complex cone, has been studied already in [13] and [TTj . 

The paper is organised as follows: In Section 2 we recall basic facts on the L^-cohomology 
of a singular space and explain the Witten deformation on the complex of L^-forms. We also 
show that a stratified Morse function on a complex cone is admissible in the sense of [12j . 
In Section 3 we recall some of the main results in [12] which will be used in the proof of the 
main theorem, for convenience of the reader. In Section 4 we show some Kahler identities. 
The main result is finally proved in Section 5. 

2 The Witten Deformation for Complex Cones and Stratified 
Morse Functions 

Let X be a compact, complex cone of dimension dimX = 2z/ and / : X ^- M a stratified 
Morse function in the sense of stratified Morse theory in [7j. Then in particular X with its 
metric induced from the Fubini-Study metric of an ambient projective space is a conformally 
conic Riemannian manifolds in the sense of [3]. Let us denote by Sing(X) the singular set of 
X. 

Proposition 2.1. Let X be a complex cone and / : X — )■ M a stratified Morse function. 
Then 

(i) The restriction f \x\S\ng{X) ^^ "^ smooth Morse function, 
(a) Locally near a singular point p G Sing(X) the function f has the form 

f{r,^) = f{p) + fi{r,^) + f2{r,ip), where /i = rh and ^ = 0{r'+^), (2.1) 



h : Lp ^ M. is a smooth function and r is the radial coordinate. Moreover there exists a 
neighbourhood U of the singular set Sing(X) and a constant a > such that |V/p > a^ 
on U. 

Remark 2.2. A function on a conformally conic Riemannian manifold which satisfies (i) 
and (a) was called an admissible Morse function in U^ . Definition 2.1. 

Proof. Condition (i) is clear from the definition of a stratified Morse function in [^. As in 
[7], Lemma II. 2. 1.4 we have the following situation in a neighbourhood Up of a singular point 
of X: 

Upr\X(lC^. (2.2) 

The metric onUpD X is induced from a Kahler metric on C^, and 

/ = Re(F)|^ + 0(ri+^), (2.3) 

where F : C — )• C is a linear function on the ambient space, Ke{F) its real part. The local 
form in (j2.ip now follows easily, since X is a cone near p. Condition (ii) follows from the 
non-degeneracy condition for a stratified Morse function: a stratified Morse function is not 
critical in normal directions. 

D 

In the rest of this section we review basic facts on the L^-cohomology of conformally conic 
Riemannian manifolds (see [3], [3]). We rephrase them using the language of Hilbert com- 
plexes as introduced in [2]. We also shortly explain the Witten deformation as generalised in 
[12j . Let (ilg(X \ Sing(X)),(i) be the de Rham complex of differential forms with compact 
supports. The L^-metric on forms is defined as 



(a,/3) = / aA*/3. (2.4) 

Jx\Smg{X) 

In the case of conformally conic manifolds of even dimension one has a unique ideal boundary 
condition, i.e. the minimal and maximal extension of d in the space of L^-forms coincide, 

di,mm = c^i.max for alH = 0, . . . , 2u, (2.5) 

(see [1], [3]). We denote by {C,d,{ , )) the unique extension of the differential complex 
{Qq{X \ Sing(X)), d) to a Hilbert complex. The cohomology of this complex is the so called 
L^-cohomology of X: 

H\2) {X) := ker (ij^min/ im di-i,min = ker (ij,max/ im di-i,max- (2.6) 

Recall that since the Riemannian metric on X is quasi-isometric to a cone-like one and L^- 
cohomology is an invariant of the quasi-isometry class, the L^-cohomology is isomorphic to 
the intersection cohomology of X (see [5] ) . 

The Witten deformation (|14]. |10j ) generalised to this singular setting consists in deforming 
the complex of L^-forms using the stratified Morse function / : X — > M. Let us denote by 



{^q{X \ Smg(X)), dt, ( , )) the differential complex of smooth forms with compact support 
on X \ Sing(X), where dt = e~f*def* and ( , ) is the L^-metric, t G (0, oo) is the deformation 
parameter. 

By Proposition 12.11 the stratified Morse function / is admissible in the sense of [12] and 
thus by the results shown there 

dom(dt,max) = dom(dmax) and dom((it,rnm) = dom((imm) (2.7) 

and therefore in view of ()2.5p 

dom(dt,max) = dom(dt,min)- (2.8) 

In other words the complex (J7Q(X\Sing(X)), dtj ( , )) has a unique ideal boundary condition, 
and thus admits a unique extension into a Hilbert complex, which we denote by (Ct, df , ( , )). 
Let us denote by ( , )( the twisted L^-metric: 

(a,/3)t = I aA*/3e"2*/. (2.9) 

JX\Sing(X) 

The map uj i-t- e~^-'uj induces an isomorphism of Hilbert complexes between (C, d, { , )t) and 
{Ct,dt, { , )). Thus also the deformed complex is Predholm and its cohomology still computes 
the L^-cohomology of X. Moreover the natural maps 



,» 



keiA't' =kerdt,inker5t,^-l^H\Ct,dt,{, )) ^ Hl^^{X), i = 0,. 



,2u. 



are isomorphisms. The Laplacian Aj is the Laplacian associated to the Hilbert complex 
{Ct,dt,{ , )) and is called the Witten Laplacian. Let us shortly recall that by definition (of 
the Laplacian associated to a Hilbert complex) the Witten Laplacian is the closed self-adjoint 
non-negative extension of At \q* with domain: 

dom(At) = {to I uj,dtuj,6tUj,dt6tUj,6tdtio£L'^ {A* iT*iX\Smg{X ))))}. (2.10) 

Note moreover that 

aP = aP'^ for i / I/, (2.11) 

AJ being the Friedrichs extension of Aj|Q*(x\sing{x)) (see [12], Proposition 2.6 (c)). 

3 The Spectral Gap Theorem and the Model Operator 

As in the smooth situation a spectral gap theorem holds for the Witten Laplacian: 

Theorem 3.1. (Spectral gap theorem) 

(i) Let X be a complex cone and let f : X ^>- M. be a stratified Morse function. Then there 
exist constants Ci , C2 , C3 > and to > depending on X and f such that for any 
t>to, 

spec(At) n {Cie-^^\C3t) = 0. 



(ii) Let us denote by {St,dt, { , )) the suhcomplex of{Ct,dt, ( , )) generated by all eigenforms 
of the Witten Laplacian At to eigenvalues in [0, 1]. Then, for t > tQ, 

dimSl = Ci{f\x\s\nz(x)) + Yli S=-^^(/)' (3.1) 

peSing(X) 

where the contribution of the singular point is given in terms of the intersection coho- 
mology of the local Morse data (cf. ()1.4p ). 

m^ := dimIif*(Mp, l'). (3.2) 

Proof. By Proposition 12.11 any stratified Morse function on a complex cone is also admissible 
in the sense of [12]. It has been proved in [12], Theorem 1.1 that the spectral gap theorem 
holds for admissible Morse functions on conformally conic manifolds. D 

Prom the spectral gap theorem one immediately deduces the following Morse inequalities 
(cf. Corollary 1.2 in [l2]): 



Corollary 3.2. In the situation of Theorem \3.1\ 

k k 
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(3.3) 



where h\ {X) denote the L^-Betti numbers of X. 

As explained in the introduction we can compare the results in Theorem 13.11 and Corollary 
13.21 with the results from stratified Morse theory in [7]. Using the duality between L^- 
cohomology and intersection homology, we deduce the claim of Theorem 11.21 immediately. 
However the goal here is to give an analytic proof of it. 

The main step in the proof of the spectral gap theorem is the study of the local model 
operator near a singular point of X, which we shortly recall: Let p € Sing(X). As seen 
before a sufficiently small neighbourhood Up of p is homeomorphic to cone(-Lp), where Lp is 
the link of the singularity. With no loss of generality we can assume that the link Lp of X at 
p is connected. In the following we denote by 

cone(Lp) := [0, oo) x Lp/{0} x Lp (3.4) 

the infinite cone over Lp. Por e > we denote by conee(Lp) the open cone 

conee(Lp) := {{r,ip) € cone(Lp) \r < e}. (3.5) 

We choose the metric ^conf on the infinite cone to be the metric of X near the cone point 
and to be a conic model metric dr'^ + '"^5Lp(0) for r > 2e. Let / : cone(L) ^> M be a stratified 
Morse function near the singularity. Moreover for r > 2e let / be of the form f = rh with 
/i : L — 7> M a function on the link. 
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For simplicity of notation we will from now on omit the subscript p and simply write L, M, 
l~ instead of Lp, Mp, l~ etc. 

We denote by (OQ(cone(L)), d, ( , )) be the de Rham complex of smooth 
compactly supported forms on the infinite cone (cone(L), (^conf) and by 
(riQ(cone(L)), dt, ( , )) the complex obtained by deforming the de Rham complex by 
using the function /, i.e. dt := e~^^ de^^ . Then there is a unique Hilbert complex 
(Vt,dt,{ , )) extending the complex (f]Q(cone(L)), d^, ( , )) (see [I2])- The model Witten 
Laplacian A^ is defined as the Laplacian associated to the Hilbert complex (2?j,(if, ( , ))• 

Theorem 3.3. (i) The complex {T>t,dt, ( , )) is Fredholm. The natural maps 

keiiAt) ^ H\Vt, dt, {, )), i = 0,...,2iy, (3.6) 

are isomorphisms, where At denotes the Laplacian associated to the complex 
{T)t,dt, { , )) and AJ* its restriction to i-forms. 

(a) The model Witten Laplacian At satisfies a local spectral gap theorem: there exists c > 
such that for t large enough 

spec(At) C {0} U [ct^, oo). (3.7) 

Moreover all forms in ker(At), as well as their derivatives have exponential decay out- 
side a small neighbourhood of the singularity. 

(Hi) For the cohomology of the complex {T>t,dt, ( , )) one gets 

H\Vt,dt,{ , )) ^ LH\cone{L),l-) ^ LH'iMJ-), (3.8) 

where l~ is the lower halflink and {M,l~) are the local Morse data, defined as in (II. 4p . 

Proof. Since by Proposition 12. 1 1 a stratified Morse function on a cone is admissible and there- 



fore Theorem 3.1 in [12] yields the claims. D 

4 The Lefschetz Theorem and Kahler Identities 

The complex cone inherits a Kahler structure from the ambient projective space (equipped 
with the Fubini-Study metric). We denote by J the complex structure and by u the Kahler 
form on X. Moreover we denote by TqX (resp. T^X) the complexified tangent bundle (resp. 
cotangent bundle) on X\Sing(X). Recall from [3], Section 5 that the Kahler-Hodge Theorem 
as well as the L^-Kahler package holds for X. 

Theorem 4.1. (Lefschetz) 
For 2k + 2j = 21/ the map 

U-.L^A'^iT^X)) ^ L^A'^+^HT^X)) 
a 1-^ uj^ Aa. 

is a (point-wise) quasi-isometric bisection, i.e. for each /3 S L^(A*''+^-') there exists a unique 
aGL2(A'=(r^X) such that 

Va = f3 (4.2) 



and there is a constant (independent of j3) such that 

C~^||a|| < II/3II <C|1q||. (4.3) 

Proof. See e.g. (8j, also [9] (Theorem 1.2. A) and [3] (Section 5). D 

For the proof of the main result the following identities will be useful. 
Proposition 4.2. (i) For a G dovD.{dt^taiii) = dom((ij^max) we have the following identity 
[L,dt]a = d. (4.4) 

(ii) Let f : X —^ M. be the real part of a holoniorphic function F : X — > C. For j € N and 
a € ri^ o("'^ \ Sing(-'^)) we have the following identity: 

[L\At]a = 0. (4.5) 

(Hi) Let f : X ^R be as in (ii). Let 2k + 2j = 2v. Then 

[L^Af)]=0. (4.6) 

In particular L-'(dom(A()) = dom(Ai) 
Remark 4.3. The identity in (Hi) will be used only locally near the singularities of X. 
Proof, (i) Recall that [i,(imax] = (see [3], Section 5). Then also 

[L, dt]a =[L,d]a + tu} Adf Aa-tdf Auj Aa = (4.7) 

for all forms a S domdj^max = domdmax- 

(ii) It is enough to prove the claim for j = 1, the rest following by iteration. Recall (see 
e.g. [8]) that on ^q{X \ Sing(X))) we have the Kahler identities 

[L, 5] = d" and [L, A] = 0. (4.8) 

The Witten Laplacian can be expressed as follows (see e.g. ^, Prop. 5.5) 

At = A + tiC^f + C*^f) + t^\Vf\^ (4.9) 

where C\/f denotes the Lie derivative in the direction of the gradient vector field V/ and >Cy ^ 
denotes its adjoint. Therefore to prove (j4.5p it is enough to prove that on ^q{X \ Sing(X)): 

[L,£v/ + /:v/]=0. (4.10) 

Let us denote by /' := Q-F the imaginary part of the holomorphic function F. Using Cartan's 
identity and the Kahler identity [L, d] = an easy computation shows that 

[L, £v/]a = -d(V/ Jw) A a = -d{df') Aa = -d^f A a = 0. (4.11) 



Similarly, using [L,S\ = d!^ one computes that 

[L, C*^j]a = {(fdf) A Q = 0, (4.12) 

since (Fd is a real operator and / is the real part of a holomorphic function. The claim 
follows. 

(iii) Recall from (j2.1ip that, for I ^ iy,we have dom(Aj ) = dom(Aj ), where Af denotes 
the Friedrichs extension of A4|j7.(x\sing(X))- The Priedrichs extension Af is the closure of 
Og(X \ Sing(X)) under the norm 

V(Ata,a) + ||a||2. (4.13) 

Let a E dom(Aj ■^ ) = dom(Aj ). Then there exists a sequence an ^ ^q '' {^ \ 

Sing(X)) with 



Qn — >• a in L , for n — )■ oo 

{Atanm,anm) + ||anm|P "^0, forn > m -^ CXD 



2 . . . . (4-14) 



where we denoted by Onm '■= cun — Oim- By Theorem 14.11 there exists a unique form /3 € L^ 
and a unique sequence /3„ € Oq(X \ Sing(X)) such that 

Up = a,L^pn = an. (4.15) 

Set again /3„m '■= Pn — Pm- Using Theorem 14. 11 part (ii) and (|4.15p we get that 



\{AtPnm, Pnm)\ < \\Atl3r,m\\\\Pnm\\ < C\\L^ Atf3nnMW f^nm 
^ ^\\ AtCHnm 1 1 1 1 Olnm \ \ ; 

and thus 

/3n ^^ /3 in L , for n — ?• oo 

{At/3nm, Pnm) + ||/3nm|P ^0, forn > 7TH> OO. 

This shows that /3 € dom(Aj ) = dom(Aj ) and therefore 



(4.16) 



(4.17) 



LJ(dom(At)) D dom(At). (4.18) 

The inclusion L-'(dom(Aj)) C dom(At) follows similarly. The rest of the claim follows using 
(ii). 

D 

5 Proof of Theorem 11.21 

We need one more result before we can prove Theorem 11.21 
Lemma 5.1. There exists 6 G L^(A^(r*cone(L))) with 
(i) uj = dO and 
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(ii) \9{r,(p)\ < C on cone^{L) for some constant C > 0. 

Proof. The local situation near the cone point is as in (|2.2|) . The Kahler form u on the 
ambient C is closed and therefore exact, which gives (i). Moreover up to terms of order 2 
in z one can write a) as a) = d6, where = Yl ^i^^^ from which one deduces (ii). D 

Proof of Theorem \1.SX Recall that by Theorem 13.31 (i) and (iii) , we have 

IH^{M, r) ~ ker Af ^ for fc = 0, . . . , 2z/. (5.1) 

We now prove that 

ker Af ^ = for /c / i^. (5.2) 

We will prove ()5.2p for the case where, near the singularities of X, the Morse function / can 
be written as the real part of a holomorphic function. The general case then follows using in 
addition perturbation arguments as in |llj . 

The proof is inspired from jS], Theorem 1.4. A. Let k > v. Set j := k — v. Let us assume 
that there exists 7^ a G ker AJ . We can assume that ||a|| = 1. Let e > 0, x ^ I^^ ~^ [0, 1] 
be a cutoff function, with x t[0,e/2]= !> X [[€,00)= 0. Then by the Agmon estimates (Theorem 
13.31 (ii)) we have for t large enough 

\dt{xa)\ = 0{e~^'), \5t{xa)\=0{e-^'), ||xa|| = 1 + ©(e"^*), (5.3) 

for some c > 0. 
By Theorem 14.11 there exists a unique {2v — A;)-form /3 such that 

Xa = V{(3)=u:^ M5, ||/3|1 < C||xa|l. (5.4) 

By Proposition 14.21 (ii) we get moreover that /3 G dom(Aj '^ ) and together with (|5.3p 

||At/3||<C||Ai(x«)||=0(e-^*). (5.5) 

From dO]), (153]) and ([53]) we deduce that 

||dt/3||2 < (Ai/3, /3) < C\\AM WW = 0{e-''). (5.6) 

Using Lemma 15.11 (i) we may write 

Xa = w^' A /3 = d{e A uj^-^ A /3) + A uj^'^ A dp 



= dt{eA J~^ A (3) +6 A J~^ A dtp. 

Note that in particular, 6 A lo^^^ A /3 € doTa{dt) locally near the cone point. Thus 

(xa, xa) = (xa, dt{e A J~^ A /3)) + (xa, Q A J-^ A dtf3) 
= i5tix(^),e A co^^^ A /3) + (xa, 6 A J~^ A dtP). 
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(5.7) 



(5.8) 



Using the Cauchy-Schwarz inequality, Lemma [5.11 (ii), (|5.3p and ()5.4p we get from ()5.8p 
that 

l + 0{e~^) = {xa,a) < C(||5t(xa)||||/3|| + ||xa||Hi/3||) < 0(e"^*) (5.9) 

and thus a contradiction. This shows that ker Aj^ = for k > v. 

Let us denote by ^t- the model Witten Laplacian for the Morse function — / and by * 
the Hodge *-operator. Then 

Therefore (j5.2p for k < v now follows by duality. □ 
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